The main class of algebras considered in this paper is the class of algebras of Lie type. This class includes, in particular, associative algebras, Lie algebras and superalgebras, Leibniz algebras, quantum Lie algebras, and many others. We prove that if a finite group G acts on such an algebra A by automorphisms and anti-automorphisms and A satisfies an essential G-identity, then A satisfies an ordinary identity of degree bounded by a function that depends on the degree of the original identity and the order of G. We show in the case of ordinary Lie algebras that if L is a Lie algebra, a finite group G acts on L by automorphisms and anti-automorphisms, and the order of G is coprime to the characteristic of the field, then the existence of an identity on skew-symmetric elements implies the existence of an identity on the whole of L, with the same kind of dependence between the degrees of the identities.
§ 1. Introduction
In our previous paper [1] we studied the so-called G-identities of a..ssociative algebras. We were considering the situation where a finite group G acts by automorphisms and anti-automorphisms on an algebra A over a field F. We showed that if A satisfies an essential G-identity, then A satisfies also an ordinary polynomial identity of degree bounded by some function that depends on the degree of the G-identity and the order of G. We obtained a..scorollaries a strengthening of the classical theorems of Amitsur [2] , [3] , one stating that any non-trivial *-identity on an associative algebra with involution * implies an ordinary identity, and another stating that if the subspace A+ (respectively, A_) of symmetric (respectively, skewsymmetric) elements is a PI-subspace, then the algebra A itself is a PI-algebra. It was not shown in Amitsur's papers that there is a dependence between the degrees of the *-identities and the ordinary identities. Similarly, Amitsur's technique did not allow one to find an interrelationship between the degrees of the identities on A+ or A-and those on the algebra A itself. The above-mentioned papers of the but what is more important is that the technique of the proofs is of a combinatorial nature and can be extended to other classes of algebras.
The main class of algebras considered in this paper is the class of algebras of Lze type (see [4] ). This class includes, in particular, associative algebra..c;, Lie algebras and superalgebra..c;, Leilmiz algebras [5] , quantum Lie algebras [6] , and many others. Our first result (Theorem 2) states that if a finite group G acts on such an algebra A by automorphisms and anti-automorphisms and A satisfies an essential G-identity, then A satisfies an ordinary identity of degree bounded by a function of the original identity and the order of G.
Our second result (Theorem 3) states that if L is a Lie algebra, a finite gronp G acts on L by automorphisms and anti-automorphisms, and the order of G is coprime to the characteristic of the field, then the existence of an identity on skew-symmetric elements implies the existence of an identity on the whole of L, with the same kind of dependence between the degrees of the identities. An analogous result is not true if the skew-symmetric elements are replaced by symmetric ones.
Remark 1. A Lie algebra with involution may have a non-trivial identity on the subspace L+ while having no identities on all of its elements.
The fact is that any Lie algebra has an involution of the form :
But then all the elements of the algebra are skew-symmetric and x = 0 is an identity on the symmetric part. This example shows also that an arbitrary *-identity on L may not imply an ordinar.y identity.
Finally, we generalize Amitsur's theorem on polynomial identities in associative algebras with involution (with bounds for the degrees) to the case of alternative algebras with involution. § 2.
G-Identities
We recall the main result of [4] . First we introduce the requisite notions and notation. Let Q be an Abelian group. An algebra A over a field F is said to be Q-gmded if A is a direct sum of subspaces Aq of it, q E Q, and AqAq' C Aq+q,. Elements of Aq are said to be homogeneous of degree q. We say that a Q-grading is finite if there is a finite subset Pol' Q such that Aq = {O} for all q~P. (1) for all a E Ag, bE Ah, c E Ak. If 0: = 1, {3= 0 for all g,h,k E Q, then A is an ordinary associative algebra with a Q-grading. If A is a Lie algebra over F, then and aa E F. Then the algebra A itself satisfies a non-f.1ivial identity of the form (2) .
Note that in [4] this result was proved in the more general case where Q is all arbitrary semigronp with unity and cancellation. . Now let A be an algebra of Lie type. Suppose that a finite group G acts on A by automorphisms and anti-automorphisms and that every homogeneolls component Aq is mapped by the action of an element 9 E G to the component Aqoq. where a denotes an action of G on Q by automorphisms and anti-automorphisms. For example, let A = Mn(F) be the matrix algebra with the standard grading by integers:
Let G be the subgroup generated in Aut* A by all conjugations .1:1--+gxg-l. where 9 = diag(d1,...,dn) E GL(n, F), and by the transposition. Then cleadv we have h(Ak) s::;; Ak if h is an automorphism, and h(AJ.) s::;; A-k if h is an antiautomorphism. Another natural example is given by the group algebra A = FG of an arbitrary group G. It is easy to see that A is a G-graded algebra and aU inner automorphisms of G act by automorphisms on A taking homogeneous elements with respect to the G-grading to homogeneous ones.
We now define (G, Q)-identities on A.
First we decompose G into the union G = G+ U G-. where G+ acts by automorphisms, and G-byanti-automorphisms. Let H be a vector space with a basis of elements g7rq, g E G, q E Q. Let T = T(H) be the tensor algebra of H (aU tensors with zero constant term). Let X be some set and let J' = J'(XIC, Q) be the linear hull in the free non-associative algebra T(X) of all elements of the form tvv, where v is a monomial in elements of X and tv is a homogeneous tensor from T such that degv = deg tv. It is clear that J' is a subalgebra of T(X) and (tuu)(tvv) = (tu 0 tv)(uv).
We can turn J' into a Q-graded algebra by setting g7fqX
We now define an action of G on J' by setting
Dr 9 E G -, where u* is the result of applying to u the standard involution on thẽ roupoid (X) extending the identity map on X (that is, (Xl(X2X3))* = ((x3x2)xd). [t follows from the definition that 9 *~q C~goq. For example, in the case of (3) In this case we have used the fact that 9 acts on Q as an automorphism.
One can similarly check the case of (4).
We now consider an algebra A with a Q-grading on which the group G = G + uGacts in such a way that 9 * Ap c Agop, G + acts by automorphisms, and G -by anti-automorphisms.
Then every map c.p:
is Xl'" Xs with some bracket arrangement and 1fq(a) denotes the q-projection of a E A onto Aq. Then both f and -q5(J) are homogeneous elements of degree (gl oqd...
as required.
We now consider every possible map <p:X -+ A and the Q-graded G-homomorphisms '15:X -+ A defined by <pin (5). We set I = ncp Ker-q5. We call every element f E I a Q-graded G-identity of A, or a (G, Q)-identity of A. Then all the usual results on identities are true: every non-zero identity has a non-zero multilinear (with resBe~t to X) consequence. If the ground field is infinite, then every identity is equivalent to a system of homogeneous (with respect to X) identities.
In the case of a field of characteristic zero every identity is equivalent to a system of multilinear identities with respect to X. A natural question arises: is it true that a non-trivial (G, Q)-identity implies an ordinary identity? In general the answer is negative even for G = {e} and Q = Z2. For example, the identity 1flX = a holds on A = Ao EBAl with At = {a}, but one can take for A any algebra. Here is another example. Let Q = {a} be a one-element group, and suppose that an arbitrary group G acts on A = Ao by trivi~l automorphisms.
.:"-~~H ;~t-hic r»<::p too. Note also that the identity is non-triviaL since it L7-'Utl.1~I~I=~. U~U~~--.0-an absolutely free algebra F(X) graded by the powers of X satisfies this identity.
Finally, suppose that G = (9)CX) is an infinite cyclic group and A E F is not a root of unity. The the map 9: x I-t AX \I x E X extends to an automorphism of the algebra F(X), which has no fixed points. This example shows that an algebra on which an infinite group acts by automorphisms may not have any non-trivial identities even if the subalgebra of fixed points satisfies a non-trivial identity. Therefore we have to restrict ourselves to the case where the decomposition A = L:qEQAq is finite and the acting group G is also finite.
Let P c Q denote a finite subset P = {ql,"', qm} such that A = L:qEP Aq.
Let E denote the element e7fqL+ . . . + e7fqm E H. Then extending the map x t--+ a we obtain EX I-t a. We set En = E 0. . . 0 E. Then every ordinary identity of thẽ n algebra A is also a (G, Q)-identity. It has the form
where v = V(XI"'" Xn) is a monomial from F(X).
If A satisfies the relation (6) We now return to algebras of Lie type. If A is such an algebra, then it follows from (1) that every element of the algebra j' can be written modulo I (that is, modulo the (G, Q)-identities of A) as a linear combination of left-normed monomials.
(We shall prove this later.) This allows us to assume that if A has some non-trivial identity, then A also ha..c; an identity f(Xl,' . . , Xn) = 0 in which the left-hand side is a polynomial of the form
where to-E T and all monomials are left-normed.
Combining the approaches of the papers [4] and [1) we come to the following definition. 
The second summand is left-normed and is smaller than aY1 -. 
for some [ E H0n+l.
The algebra L satisfies an essential identity of degree d = m + 1:
The element on the right-hand side of (11) If rl 1-P, then tial E J and the element (13) 
Consequently. it follows from (12) that (13) 
m(lI) < n'/e'l ifn > f(m,c).
Consequently.
for c = lei IPI + 1 we obtain that dim Hi < 11.' and the elements
E:ro:J'a( I) . . . :]:a(n) are linearly dependent modulo J. This linear dependence gives us the required identity on L. § 3. Lie algebras with identities on skew-symmetric invariants
We begin this part of the paper with the study of ordinary Lie algebra..'i. Let e be a finite group acting on a Lie algebra L by automorphisms and anti-automorphisms. Let GL denote the subspace of the skew invariants of this action, that is, elements Let M = LG+ be the subalgebra of fixed points of the action of G+. Then GL C M. If we prove that M satisfies a non-trivial identity, then the theorem will have been proved, as follows from the results of [7] . In particular, if G = G+, then GL = M and the theorem is proved. Otherwise, We have already remarked in the introduction that in the last theorem one cannot replace the skew invariants GL by the ordinary ones LG.
One can derive several corollaries also for other algebra..c;of Lie type. 
which is also identically equal to zero on L.
We use the notation [x, y] = :ry -yx for elements x, y of an associative algebra.
Pmof of Pr'oposition 1. Let F(X) be the free associative algebra with a denumerable set of generators X = {x l, 1:2, . . . }. As before, let Pn denote the subspace of all multilinear polynomials from F(X) depending on Xl,'" ,xn.
Let In other words, we have the inclusion We indicate one further generalization of Amitsur's theorem. This generalization concerns a wider class of alternative algebras with involution. An involution on an alternative algebra A is defined as usual: this is a linear operator *: A ---> A of order 2 such that (xy) * = y* x*. The symmetric and skew-symmetric parts are also defined in the standard way:
A+={aEA:a*=a}, A_={aEA:a*=-a}.
We recall the definition of an alternative algebra.
Definition
2. An algebra is said to be altemat'ive if cach of its two-generator subalgebras is associative.
It is well known that if char F i-2, then the algebra A becomes a Jordan algebra with respect to the operation .ray = :ry + y:r; we denote this Jordan algebra b.y A (+) .
Moreover, this Jordan algebra is special, that is, it is isomorphic to a Jordan .':iubalgebra of some associative algebra with the similarly defined multiplication o. One can take for that associative algebra the subalgebra of End A generated by the right multiplications Ra: :r f--t :ro.. The map a f--t Ra is not a homomorphism of A into End A, but it is a homomorphism of Jordan algebras. Following [8] . we shall say that a relation f(:r[,... ,:rn) ==0 is an identity of A if f is a so-called essentwl alternative polynomial, that is, on dropping the brackets it turns into a non-trivial associative polynomial.
In this case we say that A is an alternative PI-algebra. 
